With the use of theory developed earlier, bulk effects in ultracold neutron coherent inelastic scattering are considered both for solid and liquid target samples related to energy and momentum exchange with phonon and diffusion-like modes. For the neutron in a material trap, differential and integral probabilities for the energy transfer per bounce are presented in a simple analytic form which exhibits the parameter dependence. As an example, the theoretical values for the ultracold neutron loss rate from a storage bottle with Fomblin coated walls and stainless steel walls are evaluated. Possible contribution from incoherent inelastic scattering on hydrogen contamination is discussed.
Introduction
In the last few decades since the discovery [1, 2] of ultracold neutrons (UCN), great progress has been made in this field of physics. Now one considers UCN not only as a tool for studying fundamental properties of neutrons (life time and electric dipole moment) but also as a method for investigating material surfaces and thin films [3, 4] .
The main specific feature of UCN is their repulsion from material samples, which allows storing them for a long time in material vessels. This repulsion results from rescattering of the neutron wave in the matter. Indeed, each atom in the target sample feels not only the incoming neutron wave but also the secondary waves from the other atoms. Effective secondary waves come mainly from surrounding volume ∼ λ 3 , where all ∼ nλ 3 scatterers add coherently onto amplitude ∼ nλ 3 (b/λ) (λ is the neutron wave length, b is the neutron-nucleus scattering amplitude, and n is the density of scatterers). This amplitude may be neglected, as compared to the incoming neutron wave, if nbλ 2 ≪ 1. This is just the cases for thermal and cold neutrons but not true for ultracold neutrons. Thus, for the ultracold neutrons rescattering in the matter is of crucial importance, and for the wave vector k < √ 4πnb (if b > 0) the rescattering becomes the dominant process and results in the total reflection from the surface. This dominant elastic scattering is simply described by a mirror potential U = 2πh 2 nb/m, where m is the neutron mass.
Inelastic scattering of UCN on the trap walls also takes place and, in particular, (along with β-decay and radiative capture) results in UCN losses from the material vessels. For a long time attention was focused on the inelastic transition of UCN to the thermal energy region (upscattering), i.e. on large energy transfers (with probabilities per bounce 10 −6 and higher). In the last few years the inelastic scattering with small energy transfers ("small heating" and "small cooling") was observed with probabilities per bounce 10 −8 -10 −6 (see, e.g. [5, 6, 7, 8, 9] ). At the moment the data obtained for Fomblin oil as the sample appears to agree with theory. It was shown in [10] , the small heating influences substantially the UCN losses from the traps with walls coated by Fomblin oil. The data on solids like stainless steel, beryllium and copper are controversial, in particular, no small heating was observed in [9] for non-magnetic solid substances (stainless steel, Be, Cu) with the upper bound of ∼ 10 −8 for the probability per bounce.
Therefore, the inelastic UCN scattering is now of great interest, first due to the storage of UCN in material traps and, the second, for possible spectroscopic applications, e.g. for investigation of low frequency modes in surface layers and thin films [4] . On the other side, theoretical tools for the calculation of the inelastic scattering of UCN are rather undeveloped. One usually starts from Van Hove formula [11] for the differential cross section of neutron inelastic scattering on an ensemble of target nuclei,
dt e iωt i|e −iQRν (t) e iQR ν ′ (0) |i .
(1) Here and below we assume that k (ε =h 2 k 2 /2m) and k ′ (ε ′ =h 2 k ′2 /2m) are the wave vectors (energies) for incident and scattered neutrons, respectively,hω = ε − ε ′ and Q = k − k ′ are the neutron energy and momentum transfers,R ν (t) is the time dependent Heisenberg operator of the ν-th nucleus position vector, and b ν is the scattering amplitude on ν-th nucleus. The averaging is understood over the initial state |i of the nuclear ensemble.
Note, however, that the Van Hove formula (1) is based on the Born approximation (see, e.g. [12, 13] ) and, hence, does not imply rescattering. Strictly speaking, it may be applied only to thermal and cold neutrons (see also [14] ).
Nevertheless, it is being used for UCN as the starting j ν is the neutron amplitude on the surface of the ν-th nucleus provided that the target sample is at the state j. These amplitudes are determined by a set of linear equations. The differential cross section takes the form:
dt e iωt+i(εi−εj )t/h j|e −iQRν (t) e iQR ν ′ (0) |j ′ .
It was shown that for thermal and cold neutrons, when rescattering is not important, the equations for φ j ν become very simple and result in φ j ν ≃ δ ij b ν . Thus, the cross section takes the Van Hove form (1) . For the opposite case of ultracold neutrons, when rescattering becomes the dominant process, we have solved the equations for the amplitudes φ j ν . These amplitudes were presented as expansions in a small parameter Qu, where u ν is the shift from the equilibrium position ρ ν of the ν-th nucleus in the target sample (R ν = ρ ν + u ν ).
The zero order in Qu corresponds to the scattering on the target sample with fixed, frozen (or infinitely heavy) nuclei and evidently can describe only elastic scattering. For inelastic scattering, one should consider the next orders in the small parameter Qu. It is convenient to introduce the renormalized neutron amplitudes ψ j (ν) ≡ e ikρ ν φ j ν /β ν , and present them as series in Qu ψ j (ν) = δ ij ψ(ν) + ψ 
Here β ν is the scattering length on the bound nucleus [14] (this quantity slightly differs from b ν ). Zero order amplitudes ψ(ν) = ψ(ρ ν ) in the continuous media approximation were found to satisfy the Schroedinger equation with the optical potential U (ρ) = 2πh 2 n(ρ)β c /m, where β c is the average ("coherent") scattering amplitude. Thus, the solution ψ(k, ρ ν ) determines the zero order neutron amplitude on the surface of the ν-th nucleus inside a sample provided that the incident neutron has the wave vector k.
Dynamical properties of the sample, and therefore the inelastic scattering, arise in the first order in Qu. The corresponding cross section was obtained in the form
whereψ(k, ν) = ψ(−k, ν) is to be interpreted as the wave function in the exit channel. Needless to say that the cross section (4) should be averaged over target initial states |i with thermal equilibrium density matrix. Below such averaging is implied. We emphasize that the approximation Qu ≪ 1, which was used to derive Eq. (4) , is valid for a wide range of neutron energies, from the ultra cold to the thermal region. Thus, all transitions within this range can be investigated on the same base.
In this paper we consider the case when the energies of initial neutrons are less than the barrier energy U . Therefore, the function ψ(k, ρ) decreases rapidly inward from the surface of the target, namely at the lenght on the scale of 10 nm. Then, clearly, the notions like the total number of nuclei-scatterers and the inelastic cross section for one nucleus are senseless. We are not introducing them. In this sense, our approach is quite different from that commonly used for UCN [15, 16] .
We are not introducing and discussing the imaginary part of the optical potential, caused by the inelastic scattering. In our approach [14] , the functions of zero approximation, ψ(k, ν) and ψ(k ′ , ν), are determined by optical potential with the imaginary part, defined only by radiative capture. At the same time, Eq.(4) gives the cross section of inelastic neutron scattering on the whole target, even on macroscopic one.
Notice that in the paper [14] we have performed straightforward calculation of the total elastic cross section for a macroscopic plane sample and subbarier neutrons with the use of Eq. (2) . It was shown that it coincides with the cross section of the sample seen by incoming neutrons (as it should be). Thus, the probability of inelastic scattering per one bounce by macroscopic sample can be calculated as the ratio of the inelastic and elastic cross sections. Just in this way the corresponding probability is calculated in our approach.
However, experiments with UCN in material traps do not allow a direct measurement of the differential cross section (4) or differential probability per bounce. Parameters which can be measured are the total loss rate (in particular, into the thermal region) and the energy distributions of pre-and post-storing neutrons. Since the probability of the small energy transfer is small, the multiple inelastic scattering of the same neutron may be neglected. Therefore, the energy spectrum of the stored neutrons can be directly linked to the total number of bounces with given material during the storage as well as to the probability of energy transfer per one bounce. In Section 2 we introduce the quantities measured in experiments, which will be analised and estimated.
The purpose of this paper is to demonstrate a real possibility to use our approach for analysis of the results of specific experiments on inelastic scattering of UCN. As the first step we assume that at the intrusion length of ∼ 10 nm bulk properties of the matter are of dominant importance (discussion of the surface effects in the inelastic scattering, e.g. contribution from visco-elastic waves for Fomblin oil or from hydrogen thin films, see in [4, 10, 21, 22] ). Thus, in a uniform material the diagonal matrix element i|û i ν (t)û j ν ′ (0)|i may exhibit a spatial dependence only as a function of ρ ν − ρ ν ′ and therefore allows a Fourier transform
where q = d 3 q/(2π) 3 and ω = dω/2π. The correlation function Ω ij (q, ω) for the target material is the most uncertain factor in our approach. We analize it in Section 3.
Besides the usual phonon (sound) modes, we consider in details slow diffusion-like modes, namely, the contribution from thermo-diffusion and low frequency transverse modes in liquids. The idea is evident. Just the slow modes may be responsible for small energy transfer. However, for the sake of completeness, we perform calculation for all possible final neutron energies, from zero up to the thermal region. Earlier, the role of the thermo-diffusion in transition to the thermal region in solids was estimated in [17] and found insignificant.
Really, for crystals, the dominating contribution to the up-scattering (into the thermal region) is due to phonon processes with the momentum transfer to the lattice. Our result for this contribution coincides with that obtained early in a model approach, quite different from ours (see e.g. [18] ).
All other processes, phonon-and thermo-diffusion ones, without lattice involvement, give small contribution into the scattering with large energy transfer. On the other hand, just these non-lattice processes are responsible for small energy transfers. In this paper, the corresponding probabilities for solids are calculated for the first time.
Moreover, in liquids and amorphous matter, non-lattice processes are the only ones responsible for the energy transfers, both small and large. Thus, in this paper, the contribution of bulk modes both to small and large energy transfers for liquids and amorphous samples are estimated also for the first time.
In the expression (4) we take into account all terms with ν = ν ′ (as well as with ν = ν ′ ), i.e. we calculate the coherent contribution to inelastic scattering. Thus, we use the average value (coherent scattering length) β c instead β ν in expressions for the inelastic cross section derived from (4) . Note, that to evaluate the incoherent contribution related both to spin-flip and mixture of nuclei with different scattering lengths, one needs to separate additional term (proportional to β 2 inc ) from the general equation (4) keeping only ν = ν ′ . In this paper we restrict ourselves to the coherent inelastic scattering. Thus, we realize that our consideration is unsuitable for treatment of neutron scattering on targets with high hydrogen contamination. Our main goal is application to "hydrogen-free" materials.
As the starting point we use the following expression for the coherent inelastic cross section [14] :
where
It describes the transition of an incident neutron with the wave vector k into an element d 3 k ′ of the final wave vector space k ′ . This equation is valid for neutrons in a broad energy region, since the smallness of the parameter Qu, that was used for deriving Eq.(6), is valid even for thermal neutrons. Indeed, for the latter, the scattering on the optical potential (∼ 100 neV) is not important. Then, if one replaces the functions ψ(k, ρ) andψ(k ′ , ρ) by the plane waves e ikρ and e −ik ′ ρ , respectively, then (6) transforms onto (1) . In this paper we consider the inelastic scattering of initial ultracold neutrons to any final energies, below and above the potential barrier. Of course, to calculate the neutron inelastic cross section from (6) and (7) one needs a specific model for the target sample to find solutions ψ(k, ρ) and ψ(k ′ , ρ) for input and output channels. This problem is considered in Section 4.
In section 5 it is shown that multi-dimensional integration in (6) and (7) can be performed explicitly with realistic correlation functions. The details of the calculation are presented in Appendix. In section 6 we analyze how analytical results for differential probability are changed when specified for the excitation mode and energy transfer. In section 7 numerical results are presented for two typical substances, stainless steel and Fomblin oil. Results obtained, both analytical and numerical, are discussed in section 8. Conclusion is given in section 9.
2 UCN storage in material trap 2.1 Probability for energy transfer per one bounce
The probability for energy transfer per one bounce is naturally defined as a ratio of two cross sections, differential for energy transfer and the integral elastic one. The latter, in our case, is equal simply to the total sample area seen by the neutron, S ⊥ = Sk ⊥ /k = S cos θ, θ is the angle of incidence. With fixed initial wave vector k (or two its components k ⊥ and k ), the probability for the neutron after a bounce to have the kinetic energy ε ′ is
In reality, the inelastic scattering of UCN with fixed k cannot be observed. One usually measures quantities somehow averaged over the initial momentum k. Let us introduce a quasi-classical distribution F (r, k) in position r and momentum k of UCN inside the trap, normalized by the condition
where N 0 is the total number of UCN in the trap. The number of neutrons, scattered by the element dS of the material sample at the position r S (and height h S ) to the interval dE ′ of the total energy E ′ = ε ′ + mgh S during the time dt, is given by
where v =hk/m is the neutron velocity, and mgh S is the neutron potential energy in the earth's gravitational field. The total rate of inelastic transition to the energy interval dE ′ is of the form
Let us assume that the momentum distribution is isotropic, i.e. F (r, k) = F (r, k). Then, it is convenient to introduce a distribution f (r, ε) in position and kinetic energy of UCN inside the trap
normalized by the condition
Then, the transition rate takes the form
is the differential probability of inelastic scattering averaged over the angle of incidence θ.
Here and below averaging of any function f (k ⊥ , k ) over θ is defined as
In the simplest approximation we neglect the earth's gravitational field, and assume, first, the density n U of UCN in the trap is uniform over the volume and, second, the energy of UCN is fixed and equal ε U , thus
The inelastic transition rate is of the form
where S is the total area of the material surface inside the trap.
Probability for neutron losses from a trap
When the final neutron energy E ′ exceeds the barrier energy U , the neutron escapes from the trap. The probability of this event and the corresponding transition rate can be obtained as an integral over E ′ from U up to infinity from (14) (in the simplest approximation -as the similar integral over ε ′ from (18)). The total escape probability is one of the quantities of practical interest. The second quantity of our interest is the small energy transfer. To be compared with measured values, both probabilities should be properly averaged over the energy and space distributions of the stored neutrons, and corrected for escape during the storage. Such averaging depends on the details of any specific experiment. On the other hand, the simple estimate (18) for the inelastic transition rate and its integral over ε ′ allow useful rough comparison with measured values.
Correlation function
In this section we consider the correlation function Ω ij (q, ω), entering Eq.(6). Correlation functions describe response (relaxation) of a substance after distortion of its statistical equilibrium by some external force characterized by ω and q. Their structures for solids and liquids are covered in many books and articles on fluctuations and kinetics (see, e.g. [23, 24, 25, 26] 
where the longitudinal and transverse parts are given by
and
Here ρ = M n is the material density (M is the nuclear mass), and
is the occupation factor for a mode with the frequency ω at the temperature T . We allow the longitudinal (l) and transverse (t) sound velocities c l,t and damping factors Γ l,t to be different. For isotropic solids, the factors Γ 2 l,t can be taken proportional to the absorption coefficients of longitudinal and transverse sound (see, e.g. [27] )
Here η and ζ = 4η/3 + ϕ are the dynamic shear and longitudinal viscosities (ϕ is the volume viscosity), ν is the kinematic viscosity, α = C P /C V − 1, where C P and C V are the specific heats for constant pressure and volume, respectively, D S = ae/ρC P is the thermo-diffusion coefficient (ae is the thermo-conductivity).
To describe a small energy exchange between UCN and a sample, the form of correlation function for small ω and q is of prime interest. Slow and long-range fluctuations are related to coherent motion of a great number of media atoms (hydrodynamic modes). For such kinds of distortion, local statistical equilibrium comes first and macro-relaxation by hydrodynamic processes follows. Therefore, in the region of small ω and q correlation functions for solids and liquids are governed by hydrodynamics and should depend on its parameters. Two different approaches, namely, phenomenological (from hydrodynamic fluctuations and Kubo theory [23, 24] ) and quantum many-body theory [28] , give the same result. In hydrodynamics two kind of processes (and corresponding correlations) are distinguished, longitudinal and transverse.
The longitudinal correlation function is related to "density-density" fluctuations
where a Fourier transform, the "dynamical structure factor", can be shown to be connected with Ω l (q, ω) by
The vector q ′ in Ω l is in the first Brillouin zone and q, the momentum transfer, may differ from q ′ by a reciprocal lattice vector. In the right-hand side of (27), we omit all terms proportional to δ(ω) and related to elastic scattering.
Following [23, 24] we get both for solids and liquids
which looks like a phonon-type but with complicated form of "phonon absorption"
where D T is the thermo-diffusion coefficient. The subscripts T and S indicate constant temperature and entropy, respectively, and
For q 2 ≪ |ω|/D T , Eqs. (28) and (29) result in the pure phonon-type correlation function with the sound velocity c lS and the absorption defined by (24) . For arbitrary small ω and q (hydrodynamic region)
the function (28) takes the form
(32) It has two kind of poles, of phonon (p) and of thermodiffusion (d) origin, and it is useful to separate them as
Here Ω p l (q, ω) is given by (22) with Γ 2 l (24) and
It is easy to see that additional diffusion-type pole in (32) originates from the pole in the "phonon absorption" Γ l (q, ω) (29) . The complicated structure of Γ l (q, ω) is intrinsic only for longitudinal phonons.
The transverse correlation function for solids has only one, phonon-like, pole. So, transverse excitations in solids are relaxed only by phonons, and the correlation function for small ω and q has the same form (22) as for large q and ω.
In common liquid models, kinetics is assumed to go by finite jumps of atoms from one equilibrium position to the other after some average waiting time τ . For high frequencies |ω| ≫ τ −1 a liquid behaves like a solid. Low frequency waves (|ω| ≪ τ −1 ) damp due to viscosity. This limit is reproduced by the correlation function for the liquid model with one relaxation time (see, e.g. [23] )
The relaxation time is usually estimated as τ = η/G = ν/c 2 t , where η and ν = η/ρ are dynamic and kinematic shear viscosities, respectively, G is the modulus of elasticity, and c 2 t = G/ρ. The correlation function (35) and (36) exactly transforms to the form (22) with the damping factor
Note, that for low frequencies
there exists a wide hydrodynamic region for q
where the Eq.(35) (as well as (22)) transforms into the diffusion-type function (34) with damping factor (37). It is of interest that this factor is proportional to ν −1 in contrast to (25) (see, e.g. [29] ).
The correlation functions can be determined from first principles only for two limiting areas of variables, large and small ω and q. In the intermediate area one should use some specific interpolation models for the substance considered.
Thus, we use the correlation function as a sum of phonon-and diffusion-type terms. Contribution to the cross-section from each part can be calculated independently and summed afterwards.
For the calculation of the cross-section we will need
, and it is convenient to present all cases considered above in the same form
whereΩ
and α = ǫ = 1 for all cases besides the longitudinal thermodiffusion mode. In the latter case we have α = C P /C V − 1 and ǫ = 0. Note, that Γ 2 p (phonon absorption) is a small parameter for all values of ω and q that we are considering, and when
in agreement with the phonon correlation function usually used.
Specific target sample: uniform thick layer
In this section we will derive the function B(q) (7) for a simple model commonly relevant to the UCN storage experiments, i.e. an uniform thick layer. The appropriate choice of the model allows us to define the solutions ψ(k, ρ) andψ(k ′ , ρ) of the Schroedinger equation with optical potential for input and output channels.
The problem is that the function ψ(k, ν), being the neutron amplitude at the ν-th nucleus, is defined only inside the sample. But to get ψ(k, ν) in the continuous media approximation, one has to find the scattering type solution of the Schroedinger equation with an external plane wave entering the sample, e ikρ . For the input channel function, ψ(k, ν), one may imagine the external plane wave as attributed to the incoming neutron. Let us assume it to come from the left. For the output channel function,
, the corresponding external wave, e −ik ′ ρ , is an auxiliary quantity and should be directed to the right, for back scattering, and to the left, for forward scattering.
To include both cases, let us consider a uniform layer located at −a/2 < z < a/2 with the surface area S and the thickness a, much larger than the incident neutron wave length. The sample is supposed to have the density n and the scattering length β c providing a constant optical potential U . Note that in a general case, β c is complex with an imaginary part that can be used to describe the radiative capture of UCN.
We consider two solutions of the model scattering problem, described above, with the left (L) and right (R) incoming waves. Outside the target they have the form
(44) In both cases k ⊥ ≡ |k ⊥ | > 0 is the normal component of the neutron momentum, and k is its component along the target surface.
The functions inside the layer, determined by the boundary conditions, can be written (for constant U) as
Herek is the normal component of neutron momentum inside the target samplē
where k 0 is the value of the neutron wave number k ⊥ at the barrier, r and t are the reflection and transition coefficients for the target surface
and the coefficients A are determined by
oscillates very rapidly as a function of k ⊥ above the barrier (k ⊥ > k 0 ), and vanishes below the barrier (k ⊥ < k 0 ). Below we use the "left" solution (43) for the input channel function. Then, the output channels with the backward and forward scattering angles correspond to the "left", L, (43) and "right", R, (44) solutions, respectively. Inside the layer these solutions can be represented as
All momenta and momentum dependent quantities (46)-(49) for the output channel are denoted by primes:
They are interrelated by the same equations as that for the input channel.
Combining (45) and (50) we obtain for (7)
(54) Summation over the nuclei on the plane parallel to the target surface gives
where summation over the longitudinal reciprocal lattice vector G arises for crystals, and n is the number of nuclei per the unit area of the fixed plane (z = const). Therefore we have the equality
for the longitudinal transferred momentum.
The cross section (6) is proportional to the second power of the quantity Σ . Then,
where S is the surface area of the sample. For a non-crystalline substance we replace summation over nuclear planes by integration
and obtain
Here n ⊥ is the number of nuclear planes per the unit length along the z axis (n n ⊥ = n). The function ∆(x) peaks sharply for small value of the argument. For crystals the sum Σ σσ ′ ⊥ has additional peaks when Q σσ ′ ⊥ −q ⊥ is close to the transverse reciprocal lattice vector G ⊥ . In this case we take
assuming the argument in ∆-function is in the first Brillouin zone. Since the vector q ⊥ (originated from correlation function) is in the first Brillouin zone, the vector G ⊥ should compensate, if necessary, exceeding part of Q σσ ′ ⊥ .
Inelastic cross section and inelastic transition probability
With the given correlation function (41) and quantity B (51), the general expression for the inelastic cross section (6) is fully defined and we can easily integrate over q with the help of (57). Taking into account contributions from both, longitudinal and transverse parts of the correlation function, we find dσ l,t ie
where the function
includes all factors γ and γ ′ that are strongly oscillating above the barrier and exponentially small below it.
The factor J l,t (λ, η) depends on transverse momenta inside the target in combinations
where λ and η are assumed to be in the first Brillouin zone, and the difference from the full combinations Q (54)) is compensated by the transverse components G λ and G η of the reciprocal lattice vectors. The factor J l,t (λ, η) is defined by the integral with the correlation function Ω l,t and has a different form for the longitudinal and transverse cases,
Note, that the functions F l,t (q ⊥ ), as well as J l,t , depend on indices σ, σ ′ , τ and τ ′ , but, to simplify notations, we omit them. Here and below we use q , defined from (56)
as a fixed quantity. The correlation functionΩ(q ⊥ ), when parameterized as in (41) by Γ 2 and p 2 , has a universal form for the longitudinal and transverse cases, and their specificity arises only from the numerical values of these parameters. Hence we shall omit the subscripts onΩ(q ⊥ ) till the last, numerical stage.
The inelastic transition probability (8) with the use of (62) takes the form
where the dimensionless factor W is given by
Here one integrates over k
) and ϕ, the angle between k ′ and k , with fixed ε ′ .
For crystals, the final momentum k ′ is split by parts inside the first Brillouin zone, k ′ 1 , and G. So the integral (8) over k ′ should be understood as that over k ′ 1 and, if necessary, a sum over G.
The detailed energy distribution inside a high Brillouin zone is of no interest, and we shall consider the full integrals over each zone, assuming that the final energy depends only on G, ε ′ ≃h 2 G 2 /2m. In analogy with (8) , (69) and (70) we define transition probability per bounce
which can be presented in the form
is the dimensionless factor. The transition probabilities (69) and (72) are quite general and fully defined but rather complicated even for numerical analysis. However, a drastic simplification can be achieved by analytic calculations even for the general case.
In our present publication we consider only a specific case that is when initial neutron energy is below the optical potential. Moreover, for the sake of simplicity in the main part of the paper we shall use only the results of the theoretical calculations referring to an Appendix, where the calculations are presented in details. Below we explain just the main steps of the solution.
First, in A.1 we calculate the integral (65). It turns out to be performed "almost exactly" by transforming (65) into a contour integral in the complex q ⊥ plane with the use of the four-pole structure of the correlation function (41).
The next step, calculation of the sum in (63), is performed in A.2. Comparative importance of the 16 terms in the sum is very sensitive to the position of the initial and the final neutron energies. The result was obtained for the initial neutron energy below the barrier and for any final energy of the scattered neutron. After this stage, the inelastic cross section is defined as a function of final neutron momentum, k ′ . The last stage, integration over angular distribution of the scattered neutrons, is done in A.3 and A.4. Here the momentum transfer between the neutron and crystal lattice is very specific and has required a quite different approach (see A.4).
We write down the final results for the dimensionless quantities (70) and (73).
For transitions inside the first Brillouin zone (G = 0) the factor (70) was found as
with k
The factors (73) for the case G = 0 were reduced to
The transition probabilities (74), (75) and (79), (80) 
where the function B(x, x ′ ) has a different form in three regions of the variables:
, and can be presented as
with
Note the two simple limits
The final expressions for W l,t , defined in (70) and (73), averaged over the angle of incidence, are of the form
The second terms both in (74) and (87) are valid only for large energy transfer (see (199) , (200) and text before).
6 Physical application.
Specific ultracold neutron interaction with solids and liquids
In the previous section, specific cases of general equations were analyzed with the use of mathematical criteria. In this section, we consider the problems from a physical point of view, making classification by the relaxation processes, phonon-like or diffusion-like types, and the range of the energy transfer, with a special attention to the region of small heating and cooling, as well as to upscattering region. The substances under investigation are of crystalline, amorphous and liquid type, commonly used in experiments.
There are two longitudinal modes, phonon-like and thermo-diffusion, both for solids and liquids, and only one transverse mode. The latter is of the pure phonon type for solids, and of the combined type for liquids, that transforms from the diffusion type at small energy transfer to that of phonon type at large energy transfer (see Section 3).
Phonon-like mode, G = 0
Phonon-like modes involve low damping, i.e. Γ p → 0. Therefore, one can neglect the last term in (87) and use for (78) x 0 (ω) = |ω|/c. For solids, when G = 0, the sum over longitudinal and transverse modes gives from (87) and (88)
where c is defined by
For the low energy part of the spectrum one can use (23) and find
This part of the spectrum is completely determined by the function B(x, x ′ ). Here and below we use the quantities
The contribution of inelastic processes with G = 0 to the total probability of the UCN escape from the trap can be estimated by integration of (90) from the barrier U up to the Debye energy
Since U ≪ ε D , it gives
For liquids, the contribution of the longitudinal phononlike mode is of the form (90), (92) 
Phonon upscattering, G = 0
The main process for upscattering in crystals goes with momentum transfer from the lattice. Assuming Γ p → 0 and summing over longitudinal and transverse phonons, we obtain for the total upscattering probability from (72) and (89)
where c is given by (91). Restriction in the sum with G ⊥ > 0 is made since the summation over backward and forward scattering was performed earlier.
To estimate the probability we replace summation over G ⊥ > 0 and G by integration
/2m up to Debye energy gives
The high energy upscattering due to phonons at G = 0, was considered earlier [15, 16] by other approaches. The probability (99) coincides with the result, presented, for example, in review paper [18] .
Longitudinal thermo-diffusion mode, G = 0
The differential probability of inelastic scattering via this mode, which follows from (69) and (87) with ǫ = 0, can be presented in the form
where the last term in (87), valid only for large energy transfer (ε ′ ≫ ε), is written with factors θ(ε ′ − ε) and (1 − e −ε ′ /10ε ), which provide attenuation at small ε ′ (θ(x) = 0 for x < 0 and θ(x) = 1 for x > 0). The damping parameter, Γ 2 d , given in (34), can be presented as
is the dimensionless thermo-diffusion coefficient. For small energy transfer, ε ′ ∼ ε, the dominating first term in (101) takes the form
where v 0 = 2U/m is the barrier velocity. It is clear, that the divergence at ε ′ → ε is integrable. This result for longitudinal thermo-diffusion and for fixed components k ⊥ and k of the initial neutron momentum was obtained in [14] .
For large energy transfer, the main contribution comes from the second term in (101). It should be remembered that diffusion modes appear in hydrodynamic approximation. So, the energy transfer via this mode has sense only inside the hydrodynamic region (31), where |ω| ≪ c 2 l /D S . It gives the boundary for ε ′ , where (101) is reasonable,
If ε D < ε d , the integration can be performed up to the Debye energy. It gives
Transverse mode for liquids, G = 0
Taking α = ǫ = 1 (see text after (41)), we get from (69) and (88) the differential probability of inelastic scattering
where x 0 (ω) is given by (78) with c → c t , while the damping factor Γ 2 → Γ 2 t is of the form (37). Hydrodynamic region (38), |ω| ≪ c 2 t /ν, corresponds to the final neutron energy
is the dimensionless viscosity. On the other hand, (108) means Γ 2 t = |ω|/ν ≫ ω 2 /c 2 t , which simplifies x 0 (ω),
In the region ε ′ ∼ ε, (107) takes the form
similar to (104) for longitudinal thermo-diffusion. Beyond the hydrodynamic region, i.e. for large energy transfer, we have
and (107) 
Relative contribution of phonons and thermo-diffusion to large energy transfer
Phonon contribution to large energy transfer essentially depends on momentum exchange with the lattice. The probability for upscattering with (G = 0, (99)) and without (G = 0, (95)) such exchange differ by the factor v/c (∼ 10 −3 for UCN). The physical reason is simple. Inelastic scattering can be visualized as an absorption by the neutron of a quantum from the media with the energyhω and momentumhq. The requirement for energy and momentum conservation does not allow this process with "free" quanta. But for UCN the normal component of momentum is pure imaginary, iae, and instead of a δ-function, as in (55) for q , one has from (58)-(60) for
Integrals over q ⊥ with (113) are very sensitive to the minimum value of imaginary factor, q ⊥ + G ⊥ − σ ′k′ , which may be reached in the allowed q ⊥ range. For sound-like excitations, a rough estimate gives
where v ′ and k ′ are the velocity and wave number of scattered neutron. It is evident, that the large factor σ ′ k ′ in the denominator of (113) can be compensated only by G ⊥ . Then (113) can result in the large factor 1/ae, which is seen in (79), (80). With G ⊥ = 0 one may expect, instead of 1/ae, the factor 1/k ′ ⊥ , the result at least by the factor v/c smaller.
Note, that the factor 1/ae is of the scale of the UCN intrusion length into the wall of the trap. Therefore, it is natural that the inelastic scattering probability is proportional to 1/ae. Thus, the factor 1/k ′ ⊥ instead of 1/ae points to substantial suppression of the large energy transfer by the phonon mode with G = 0.
The thermo-diffusion mode can be also effective for the large energy transfer, but the physics is quite different. Parameters ω and q of "diffusion quanta" are not strongly coupled, as in the phonon case, (114). Even with ω fixed by the energy transfer, q ⊥ is still allowed to be varied up to ∼ k ′ . Thus, (113) can reach 1/ae even for G = 0. The result can be seen from the last term in (74). It vanishes in the limit Γ → 0 (for phonons), but is proportional to 1/ae for thermo-diffusion and results in the probability for upscattering (106) which may be comparable to that for phonons with G = 0, (99).
Results for two specific target samples
In previous section we have obtained analytic results for each type of relaxation modes. To get the physical result for a specific experiment, one should combine several analytic formulae with the relaxation modes and parameters appropriately chosen. To demonstrate this procedure and examine general trends of final results and their sensitivity to physical parameters, it is worthwhile to consider some specific examples. We have chosen stainless steel (SS) and Fomblin fluid (FF), two materials which are often used in real experiments and, on the other hand, have quite different relaxation properties. Both materials are not of a simple structure, and we shall use for them simplified descriptions, which are specified below.
Parameters for stainless steel
The nuclei 56 Fe are the dominant ones in stainless steel. Thus, we take A = 56, where A = M/m is the mass number of the scatterer. Then, ρ = 7.8 g/cm 3 and, therefore, n = 8. For the case of stainless steel one should consider contributions from longitudinal and transverse phonons and thermo-diffusion, the main part of the diffusion-like processes. For the latter we need α = C P /C V − 1 and the thermo-diffusion coefficient
where K = −V (∂P/∂V ) is the volume elasticity, and β P = (∂V /∂T ) P /V is the thermal coefficient of volume expansion. The corresponding values at normal temperature T = 293 K are listed in Table 1 as well as the calculated quantities α, D S , and dimensionless parameters d D and d ν .
Parameters for Fomblin fluid
Fomblin is a hydrogen-free fluorinated oil (it is known also as perfluropolyether). It is quite viscous at room temperature and used to cover the walls of UCN storage traps because of the small neutron absorption and upscattering rate. There are different modifications of Fomblin oil and not all of them are described in the literature in detail. Thus we use typical values for Fomblin parameters. In addition, we ignore complex structure of Fomblin molecules and are treating it as a sim ple liquid. The stoichiometry is roughly C 3 F 6 O. Thus we assume that the 16 F nucleus dominates in the fluid and A = 16 is the mass number of scatterer. We take ρ = 1.9 g/cm 3 , then n = 7.15 · 10 22 cm −3 . For the coherent scattering length we use b c = 0.565 · 10 −12 cm, which gives U = 106 neV in accordance with experiment. For all temperatures we take fixed sound velocities: c l = 1900 m/sec and c t = 1500 m/sec.
Parameters K, β P , C P , ae, ν as well as the calculated α, D s , and dimensionless quantities d D and d ν are presented in Table 1 for two temperatures: T = 293 K and 373 K. Among these parameters viscosity ν is the most sensitive to the temperature.
Numerical results
We have calculated the probability of inelastic scattering for UCN with initial energy near half of the barrier height, that is for ε = 80 neV for stainless steel and ε = 40 neV for Fomblin. Contributions of phonons and diffusion modes are shown separately. Results for the differential probability are presented on Figs. 1, 2 and 3.
Integral probabilities
of transition to the interval U < ε ′ < ε f per bounce are shown on Figs. 4, 5 and 6. For Fomblin both differential and integral inelastic scattering probabilities are presented for two different temperatures: 293 K and 373 K.
Test calculations have been carried out starting from the exact expressions (69) and (70). Comparison with results from simplified analytic formulae has shown quite small deviations in the whole energy range. So, we present numerical results based on analytic formulae.
For stainless steel, the phonon contribution at G = 0 was calculated from (90) and thermo-diffusion contribution -from (101). Results at T = 293 K are shown by solid and dashed lines, respectively, on Figs. 1 and 4 . The final neutron energy for stainless steel is restricted from above by Table 1 : Parameters for stainless steel (SS) and Fomblin fluid (FF). the Debye energy ε D = 0.040 eV (190) with sound velocity c from (91). The thermo-diffusion contribution should be restricted from above by the limit energy ε d = 0.001 eV (see (105)). Integral probabilities on Fig. 4 , calculated for G = 0, should be compared with the total upscattering probability at G = 0, which is given by (99). At the temperature T = 293 K, it is equal to
For Fomblin, the longitudinal sound (phonon) contribution is given by (90) 
Discussion
Differential spectra (Figs. 1, 2 and 3 ) have well developed maxima for both modes, phonon (with G = 0) and diffusion-like. For the phonon mode, the peak shape is determined by the function B(ε/U, ε ′ /U ). It has a maximum at ε ′ = U (ε < U ). In diffusion-like modes there is a divergence (integrable) at ε ′ ≃ ε (see (104) and (111)). These general forms of the curves are the same for stainless steel and Fomblin, but the relative contribution from phonon-like and diffusion-like modes are quite different for the two substances. Contributions from phonons and diffusion into small energy transfer can be estimated from (92) and (104), (111). Omitting numerical factors, one has for diffusion-to-phonon contribution ratio
For thermo-diffusion, the high value of the ratio c/v 0 may be compensated by the smallness of the quantity α = C P /C V − 1 and additionally suppressed by the factor 1/ √ d D , when d D is large. This is just the case for stainless steel, when the right part of (118) is near unity. As for Fomblin, the right-hand side of (118) is near 40. This qualitative estimate agrees with numerical results presented on Figs. 1, 2 and 3 . The thermo-diffusion contribution is comparable with the phonon one for stainless steel (Fig. 1) and dominates for Fomblin fluid (Figs. 2 and 3) .
The transverse relaxation mode in liquids for small energy transfer is also of diffusion type, which originates from sound waves with high damping due to viscosity. The contribution of this mode, as compared to the longitudinal phonon one, can be evaluated from (118) with α = 1. It far exceeds unity in agreement with Figs. 2 and 3.
It should be emphasized that the two diffusive modes, which, due to the large ratio (118), give the main contribution to the small energy transfer for Fomblin, are governed by different physical parameters. The transverse mode has no small parameter α, but its quantity d → d ν (109) differs from that for thermo-diffusion, d D (103), by magnitude and temperature dependence (see Table 1 ).
Remark. The transverse mode was considered here with a simple liquid model (35)-(37), where transition to "ideal" liquid with very low viscosity is not correct. In this paper we have performed calculations for d ≥ 1 (see Sec. A.3.1), so the definition (109) gives the lower bound for the viscosity ν. (In [14] we have argued, that for small d < 1 the contribution of diffusion mode to inelastic scattering vanishes.)
Let us now discuss quantitative results for the probability per bounce (116) for the neutron to change its energy from U up to (10 − 10
3 ) · U , that is to go from ultra cold to very cold energy region ("small heating"). For stainless steel, the probability for neutron transition to the region from U to (10 − 10
3 ) · U is of the scale of ∼ 10 −13 −10 −11 (Fig. 4) , while for Fomblin it is of the scale of ∼ 10 −10 − 10 −9 (Figs. 5 and 6). Evidently, these contributions could not be seen in the measurements [5, 6, 7, 8, 9] . Nevertheless note, that our calculations for Fomblin shows a definit increase of low-energy heating with the temperature due to the contribution from diffusion-like transverse mode. It is in a qualitative agreement with the data [6, 9] . The measured effect of small heating on Fomblin seems to be explained by surface effects (see [8, 9] ).
As a general conclusion, phonons are ineffective for small energy transfer both for stainless steel and Fomblin. Thermo-diffusion is even less effective for stainless steel, but gives very large effect (one-two orders of magnitude larger than phonons) for Fomblin, where the transverse diffusion mode gives comparable contribution and even exceeds thermo-diffusion when the temperature goes up. (Note, however, that it goes down more steeply when the transferred energy becomes higher.)
In the region of high energy transfer, the ratio of thermodiffusion and phonon (at G = 0) contributions can be estimated from (95) and (106),
It is of the scale of 10 −1 for stainless steel and 10 2 for Fomblin fluid. Thus, thermo-diffusion may dominate over phonons not only for small energy transfer, but as well for a large one, provided the dimensionless thermo-diffusion coefficient d D is low. This conclusion may have sense only for liquids and amorphous materials, since for crystals, and stainless steel in particular, the main process for the transition up to the temperature region, upscattering, is that with momentum exchange with the lattice, G = 0 (see Sec. 6.5).
Therefore, the processes responsible for high energy transfer are quite different for crystals and amorphous ma-
The reason is, evidently, a much higher absorption rate due to the radiative capture and possible upscattering on hydrogen contamination of the surface.
For Fomblin only the surface effects have been discussed in details so far. We have not found any published results with evaluation of escape probability from the bulk properties of this material. In other words, there is no understanding why the parameter f (see [10] ) of bulk losses lies in the range 10 −5 to 10 −6 . Thus our result just for bulk effect given by the integral (116) (calculated with ε f = ε D ) is new. Numerical results for Fomblin presented in Figs. 5 and 6 give for the loss probability per bounce (≃ f ) the following values: 0.5·10 −7 at 293 K and 0.7·10 −7 at 373 K. Possible reasons for the discrepancy of one-two orders of magnitude are mentioned in conclusion.
Conclusion and outlook
A theory for coherent inelastic scattering of ultracold neutrons was developed with a quite general form of the correlation function, which allows to consider energymomentum exchange of the neutron with sound waves (phonons) as well as with diffusion-like relaxations. The latter appears when a correlation function is considered in the hydrodynamic region of momentum and energy transfers (the low limit for q and ω). Namely, we discussed the longitudinal thermo-diffusion mode both for solids and liquids as well as the diffusion-like transverse mode for liquids.
In the frame of this theory, we evaluated the probability per bounce for an ultracold neutron to gain energy and to go into cold or thermal region. In this paper the case G = 0 (i.e. no momentum transfer between neutron and the crystal lattice) is consistently considered for the first time.
Numerical estimates are presented for the stainless steel storage bottle and one with Fomblin-fluid coated walls. For Fomblin, the most explored experimentally, theory predicts the overwhelming effect for thermo-diffusion processes, two-three orders of magnitude larger than from phonons, and a quite strong dependence on the temperature originated from viscosity. This result is in a qualitative agreement with experiments.
However, the numerical values for the upscattering probability per bounce obtained for stainless steel as well as for Fomblin are still one-two order of magnitude too small to fully explain experimental data. Thus, it is worthwhile to mention restrictions of the presented results and possible future improvements.
Results from diffusion processes are quite sensitive to the parameters of correlation function. It is very desirable to clarify the structure and parameters of correlation function, especially for liquids. In fact, it can be done by experiments in optics and other means outside the neutron physics.
We considered our samples as a spatially uniform media. This may not be correct for Fomblin, which exhibits some polymer features and may have a non-uniform structure at the scales comparable with the ultacold neutron reduced wave length ∼ 10 nm. To get the correlation function for polymer and to include it in the neutron scattering theory is a serious problem for the future. Nevertheless, the effect may be evaluated from simple physical arguments. The probability for energy transfer, as was mentioned above, is proportional to the intrusion length or, what is the same, to the time of neutron-wall collision. Spatial polymer structure changes, in particular, the self-diffusion parameters for the neutron and increases the time, spent by the neutron inside the sample during the collision. This time can be evaluated from transmission experiments and the corresponding correction can be easily introduced into the formulae of this paper.
On the other hand, gigantic polymer molecules can behave as nano-particles. If it is the case, elastic scattering of the neutron by the whole moving molecule in their centerof-mass system would result in inelastic scattering of neutron in the laboratory system. Similar mechanism of small cooling and heating due to nano-particles at the surface of solid materials was proposed in [30] .
No surface effect was included, which seems to be of no importance in solids for UCN large wave length. This argument may not concern specific surface excitations in liquids, say, capillary waves [22, 10] , which can be included into consideration as one of the excitation modes. This particular case requires a different correlation function and is the subject for a separate paper.
Several important effects were not included in this paper. Among them are spin-flip effects and surface contamination with hydrogen etc. Note, for example, that in [4] evidences are presented that the total upscattering of UCN is mostly related just to hydrogen contamination of the walls of material traps. All these effects are of importance for incoherent scattering, not included in this paper, which deals only with coherent inelastic scattering of initially ultracold neutrons.
A Calculation of inelastic cross section and inelastic transition probability
The aim of this Appendix is to simplify the general expression (62)-(63) for inelastic cross section. The first stage is calculation of the integral (65).
A.1 Calculation of the integral J l,t (λ, η)
We start with a general integral of the form
where λ and η are complex parameters, and F (q ⊥ ) is a function with poles above (q n↑ ) and below (q n↓ ) the real axis, but not near it. The function ∆(x) is defined by (60), and therefore
(121) We transform (120) into the contour integral closing a path in the upper or the lower half-plane. Then, neglecting the term proportional to e −Im q n↑ a and e −|Im q n↓ |a , we get for any positions of λ and η
where the function P(λ) is defined by the residues in poles of F (q ⊥ )
To apply the results for (65), one needs to specify the pole structure of the integrand. For the factors F l,t (q ⊥ ), it is evident from (66) and (67). The functionΩ l,t (q ⊥ ) is given by (41) and can be presented as the sum of four simple pole terms. The poles are located symmetrically with respect to the axes at the points x ± iy and −x ± iy, where
are real and positive. The functionΩ(q ⊥ ) takes the form
where z = x + iy and
This complex function of two complex variables will be extensively used below and it is worthwhile to exhibit its symmetry
. (127) The real and imaginary parts of this function for the first argument β + iγ are of the form
Note, that U (iγ, z) is pure imaginary and given by
Now, we are ready to apply the general result (122) and (123) to the integral (65). It is enough to find three "elementary" integrals I n (λ, η) (n = 1, 2, 3) with
All F n (q ⊥ ) have the poles fromΩ(q ⊥ ), the last two have the additional poles in q ⊥ = ±iq . The functions P n (λ) take the form
Note, that F n and P n , which determine I n (λ, η) by (122), contain the function U (α, z) (126) varied by first argument.
The function J(λ, η) (65) can be presented as a sum of I n (λ, η) with coefficients evident from (66) and (67). After some rearrangement the results can be written in the form
Both terms in the right-hand side are proportional to the factors U (α, β), however, J (1) includes all terms with α = λ or η, while J (2) includes terms with α = iq . Namely,
and the functions F l,t are given by (66) and (67). In (138) "+" and "-" correspond to "l" and "t", respectively.
Note, that the dependence on the parameter a, the thickness of the layer, is explicitly indicated in (135) and (136). All other functions are independent on a. The functions F and Φ are constructed entirely from kinematic factors, initial and final neutron momenta. Parameters of correlation function, z = x + iy, apart from the explicit factor |z| 2 , enter only in the function U (α, z) with α = λ, η or iq .
The cross section (62), (63) is the function of the incoming and outcoming neutron wave vectors, which are included in parameters
(54). For the crystal these parameters are split into the parts inside the first Brillouin zone, q , λ, η, and corresponding reciprocal lattice vectors G , G λ , G η . Note, that
when all G , G λ , G η are zero. Thus, with calculated J(λ, η), the general expression for the inelastic cross section is of the form (62), (63) as the sum over the indices σ, σ ′ , τ , τ ′ . This summation, for a general case, is cumbersome because the variables λ and η (64) enter the functions U (λ, z) and U (η, z) in a sophisticated way.
A.2 Inelastic cross section for initial subbarrier neutrons
In this part of Appendix we specify the general expression for the inelastic cross section (62), (63) for the case, when the initial neutron is sub-barrier. The final energy can be both below and above the barrier. The scheme of approximation varies for these two cases, and they will be considered separately. The object of analysis will be the factor Π l,t in the cross section (62). All other factors are universal and will be added afterwards.
For the initial sub-barrier neutron it is useful to definē
The quantity γ = e −aea → 0 for the initial channel may be neglected everywhere. In particular, for the neutron coming from the left we have
To compensate γ in the first factor in (63) we need from the sum γ −1 = e aea . Therefore, the factor needed comes only from the first exponent in (135) with σ = τ = 1. The same exponent should be taken into account in (136).
Following (134), the Π factor (63) can be presented as the sum of two terms
Parameters λ and η are defined by (64) and can be rewritten now as
The identity e iG ⊥ a = 1 for the reciprocal lattice vector is taken into account. The functions Λ and Φ in (143) and (144) depend on indices σ ′ and τ ′ via their arguments.
A.2.1 Final state: below the barrier
To be more precise, only normal to the surface component of the final neutron energy should be below the barrier. For the normal component of the final neutron wave vector inside the sample we introduce (with analogy to (141))
In the sums (143), (144) over σ ′ and τ ′ the main term corresponds evidently to σ ′ = τ ′ = 1 because the others contain the factor γ ′ = e −ae ′ a , which may be neglected apart from a small vicinity of the barrier, where k ′ ⊥ → k 0 , ae ′ a ≤ 1 and γ ′ may approach the unity. The barrier region is discussed in details later. Note that even for σ ′ = τ ′ = 1 only the coefficients A ′(L) contribute to (143), (144), but not A ′(R) . Surely, it means that the neutrons coming from the left are scattered also to the left.
For the small energy transfer one may put G = 0 and G λ = G η = 0. Taking into account (139) and (140), we get
Note, that for pure imaginary first argument α = iγ the function Im U is given by (131).
A.2.2 Final state: above the barrier
In the sums (143), (144) over σ ′ and τ ′ all terms should be considered equally important, since γ ′ = e 
(151) For the explicit summation in (150) we need to know how Λ
(λ, −λ) depend on σ ′ . From (137) with the use of symmetry properties (127) one can show that the quantity
is pure imaginary, where
On the other hand
(155) With the help of (152)-(155) one readily finds
The sum (151) in a similar way results in
where the quantity Φ With the results of two previous subsections we are able to consider the upscattering of UCN into the regions close to the barrier, below or above.
In the low vicinity of the barrier ae ′ ≪ ae. Above the barrier two "vicinities" should be distinguished, "wide vicinity", wherek ′ ≪ k ⊥ , butk ′ a ≫ 1, and "close vicinity", wherek ′ a ≤ 1. In the "wide vicinity" of the barrier, ae ′ andk ′ may be treated as small parameters. Due to small energy transfer, we take G λ = G η = 0. In the approximation λ ≃ λ 0 = iae and η ≃ λ * 0 the equations (143) and (144) can be written as
where the factor
for backward and forward scattering is equal to Im U (iQ , z) 2Q |z| 2 .
It is seen from (164) that these minima in Π B and maxima in Π F arise when the thickness of the layer is divisible by the half of the neutron wave length in the substance. Thus, the reason for the oscillation of the cross section is the resonances of penetration through the layer.
When the final momentum is not too close to the barrier, the factors containing γ ′ = e ik ′ a (e.g. 1 − r ′2 γ ′2 −2 ) strongly oscillate. With increase of the neutron final energy the amplitude of oscillations goes down because r ′ → 0. However, in the "wide vicinity" of the barrier the oscillations are of importance. For not very thin sample these oscillations cannot be resolved and only the smoothed cross section is of interest.
A.2.4 Smoothing over oscillations
The functions Π (156) and (157) with account for (158) and (159) 
Keeping only the terms with zero indices in the exponents, we get the smoothed functions 
where n = 3 for backward and n = 1 for forward scattering, and λ 0 is given by (153).
The smoothing is not justified in the "close vicinity" of the barrier wherek ′ a ∼ 1. But since the smoothed quantities (168) and (169) have the same limiting values as (160) and (161), one may use the smoothed cross section everywhere above the barrier.
The functions Λ l,t , which enter (168), are disclosed from (137), (66) 
The functions Φ l,t , which enter (169), are evident from (138).
A.2.5 Interim conclusion
The general formula for the inelastic cross section (62) for the initial sub-barrier neutrons is now fully defined with Π l,t = Π ability (69) with momentum transfer inside the first Brillouin zone (G = 0). In the integral (70) it is useful to replace the variable k
with θ(x) = 0 for x < 0 and θ(x) = 1 for x ≥ 0.
The integral overk ′2 is of the form
The variablek ′2 runs from (Q −k ) 2 up to (Q +k ) 2 (see Fig. 7 ). Then, I(b) can be presented in terms of elliptic integral
Now we can integrate over ξ ⊥ transforming the integrals into contour ones by closing a path in the complex ξ ⊥ plane. For three functions to be integrated, one easily obtains dξ ⊥ Im U (λ 0 , z) q 2 + λ 2 0 = 0, q < ae, π Im U (iq , z)/q , q > ae,
dξ ⊥ Im U (λ 0 , z) = −2πx, 
Using these results we get for the sum of W (1) and W (2) factors
Using (131) and (209), one obtains
where J (1) and J (2) are given by (214). Thus, the W factors are of the form (79) and (80).
